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Abstract. In this paper we investigate the image of the i-adic representation at- 
tached to the Tate module of an abelian variety over a number field with endomor- 
phism algebra of type I or II in the Albert classification. We compute the image 
explicitly and verify the classical conjectures of Mumford-Tate, Hodge, Lang and 
Tate, for a large family of abelian varieties of type I and II. In addition, for this 
family, we prove an analogue of the open image theorem of Serre. 



1. Introduction. 

Let A be an abelian variety denned over a number field F. Let I be an odd prime 
number. In this paper we study the images of the Z-adic representation pi : Gf — y 
GL(Ti(A)) and the mod I representation ~p t : Gf — ► GL(A[l]) of the absolute 
Galois group Gf = G(F/F) of the field F, associated with the Tate module, for 
A of type I or II in the Albert classification list cf. [M]. In our previous paper on 
the subject cf. [BGK], we computed the images of the Galois representations for 
some abelian varieties with real (type I) and complex multiplications (type IV) by 
the field E=End,F(A) ® Q and for I which splits completely in the field E loc. tit., 
Theorem 2.1 and Theorem 5.3. 

In the present paper we extend results proven in [BGK] to a larger class (cf. 
Definition of class A below) of abelian varieties which includes varieties with non- 
commutative algebras of endomorphisms, and to almost all prime numbers I. In 
order to get these results, we had to implement the Weil restriction functor Rl/k 
for a finite extension of fields L/K. In section 2 of the paper we give an explicit 
description of the Weil restriction functor for affine group schemes which we use in 
the following sections. In a very short section 3 we prove two general lemmas about 
bilinear forms which we apply to Weil pairing in the following section. Further 
in section 4, we collect some auxiliary facts about abelian varieties. In section 5 
we obtain the integral versions of the results of Chi cf. [C2], for abelian varieties 
of type II and compute Lie algebras and endomorphism algebras corresponding 
to the A-adic representations related to the Tate module of A. In section 6 we 
prove the main results of the paper concerning the image of Galois representation 
pi and the Zariski closures Gf l9 , G(l) al9 of the images of the ((^-representation 
pi ® Q; : G F -> GL{Vi{A)) and of the mod /-representation p t : G F -> GL{A[l]). 

Main results proven in this paper concern the following class of abelian varieties: 
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Definition of class A. 

We say that an abelian variety A/F, defined over a number field F is of class A, if 
the following conditions hold: 

(i) A is a simple, principally polarized abelian variety of dimension g 

(ii) IZ = Endp(A) = Endp(A) and the endomorphism algebra D = 1Z ®z Q, 
is of type I or II in the Albert list of division algebras with involution ( cf. 
[Mu], p. 210). 

(iii) the field F is such that for every I the Zariski closure Gf 9 of pi(Gf) in 
GL2 g /Qi is a connected algebraic group 

(iv) g — hed, where h is an odd integer, e — [E : Q] is the degree of the center 
E ofD andd 2 = [D : E}. 

We have chosen to work with principal polarizations, however main results of this 
paper have their analogs for any simple abelian variety A with a fixed polarization, 
provided A satisfies the above conditions (ii), (iii) and (iv). The most restrictive of 
the conditions in the definition of class A is condition (iv) on the dimension of the 
variety A. We need this condition to perform computations with Lie algebras in the 
proof of Lemma 5.33, which are based on an application of the miniscule conjecture 
cf. [P]. Note that due to results of Serre, the assumption (iii) is not very restrictive. 
It follows by [Sel] and [Se4], that for an abelian variety A defined over a number 
field K, there exists a finite extension K conn /K for which the Zariski closure of the 
group /9z(Gifconn) in GL is a connected variety for any prime I. Hence, to make A 
meet the condition (iii), it is enough to enlarge the base field, if necessary. Note 
that the field K conn can be determined in purely algebraic terms, as the intersection 
of a family of fields of division points on the abelian variety A cf. [LP2], Therem 
0.1. 

Main results 

Theorem A. [Theorem 6.9] 

If A is an abelian variety of class A, then for I 3> 0, we have equalities of group 
schemes: 

(Gf 9 )' = II Re x/Qi (SP2h) 
x\i 

(G(ir l °y = n R k ^,(s P 2 h ), 

X\l 

where G' stands for the commutator subgroup of an algebraic group G, and Rl/k{~) 
denotes the Weil restriction functor. 

Theorem B. [Theorem 6.16] 

If A is an abelian variety of class A, then for I 0, we have: 

MG'f) - II S P2h(kx) = Sp 2h (0 E /lO E ) 
x\i 

Pi(Gf) = II S Pih(Ox) = Sp 2h (0 E ® z Z l ), 
x\i 

where G' F is the closure of G' F in the profinite topology in Gf- 
As an application of Theorem A we obtain: 
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Theorem C. [Theorem 7.12] 

If A is an abelian variety of class A, then 

Gf 9 = MT(A) ® Qi, 

for every prime number I, where MT(A) denotes the Mumford-Tate group of A, 

1. e., the Mumford - Tate conjecture holds true for A. 

Using the approach initiated by Tankeev [Ta5] and Ribet [R2] , futher developed 
by V.K. Murty [Mu] combined with some extra work on the Hodge groups in section 
7, we obtain: 

Theorem D. [Thorems 7.34, 7.35] 

If A is an abelian variety of class A, then the Hodge conjecture and the Tate con- 
jecture on the algebraic cycle maps, hold true for the abelian variety A. 

In the past there has been an extensive work on the Mumford-Tate, Tate and Hodge 
conjectures for abelian varieties. Some special cases of the conjectures were verified 
for other classes of abelian varieties, see for example papers: [Ab], [CI], [C2], [Mu], 
[P], [Po], [R2], [Sel], [Se5], [Tal], [Ta2], [Ta3], [Ta4] and [BGK]. For more complete 
list of results concerning the Hodge conjecture see [G]. 

Moreover, using a result of Wintenberger (cf. [Wi], Cor. 1, p. 5), we were able 
to verify that for A of class A, the group pi{Gf) contains the group of all the 
homotheties in GL Tl ^(fLi) for / » 0, i.e., the Lang conjecture holds true for A cf. 
Theorem 7.38. 

As a final application of the method developed in this paper, we prove an ana- 
logue of the open image theorem of Serre cf. [Sel] for the class of abelian varieties 
with which we work. 

Theorem E. [Theorem 7.42] 

If A is an abelian variety of class A, then for every prime number I, the image 
Pi(Gf) is open in the group C-]z(GSp^\ i ^)(1^i) of Z; -points of the commutant of 
TZ=End A in the group GSp(\ ^ of symplectic similitudes of the bilinear form 
i[ : A x A — ► Z associated with the polarization of A. In addition, for I we 
have: 

Pl (G$) = C K (5p (A ,^)(Z0. 

As an immediate corollary of Theorem E we obtain that for any A of class A and 
for every the group pi(Gf) is open in Qf 9 (Zi) (in the Z-adic topology), where 
Gf 9 is the Zariski closure of pi(G F ) in GL 2g /Zi. cf. Theorem 7.48. 

2. Weil restriction functor Re/k f° r affine schemes and Lie algebras. 

In this section we describe Weil restriction functor and its basic properties which 
will be used in the paper cf. [VI], [V2,pp. 37-40], [Wl] and [W2,pp. 4-9]. Let 
E/K be a separable field extension of degree n. Let {<ti, oi, . . . , o~ n } denote the set 
of all imbeddings E — > E ai C K fixing K. Define M to be the composite of the 
fields E a > 

M — E ai ...E a ". 
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Let X — [xi, x%, ■ ■ ■ x r ] denote a multivariable. For polynomials = fk{X) G 
E[X], 1 < fc < s, we denote by I = (/i, / 2 , . . . , f s ) the ideal generated by the fk's 
and put I ai = (/r(X), f^(X), • ■ • , fP(X)) for any 1 < i < n. Let A = E[X]/I. 
Define i±?-algebras A IJi and A as follows: 

A ai =A® E ,c H M = M[X]/ r>M[X], 

A = A 71 ® M ■ --®m A a ". 
Let X ai , . . . , X° n denote the multivariables 

X [x^ 1 , Xi^2 5 • • • ; *^z,r] 

on which the Galois group G = G(M/K) acts naturally on the right in the following 
way: since E = if (7), for any imbedding Ui and any a G G we get (7 <Ti ) <T = 7^ f° r 
some 1 < j < n. We define: 

(x a *y = x a >. 

We see that 

A S M[X CTl ,...,X ff »]/(i 1 + --- + i„), 

where i fc = M[X^ , . . . , A^"]i (fe) and J (fc) = (tf* (X^ ),..., /f* (X^)), for any 
1 < k < n. 

Lemma 2.1. 

~A ® K M = A. 
Proof. Let be a basis of i? over if. It is clear that 

n 



G A . 



i=l 

Since [0^% j is an invertible matrix with coefficients in M, we observe that X ai , . . . , X a ™ 

Q 

are in the subalgebra of A generated by M and A . But X ai , . . . , Jf CT ™ and M gen- 
erate A as an algebra. □ 

Remark 2.2. Notice that the elements Y^i=i ^ X ai for j = 1, . . . , n generate A 

Q 

as a K-algebra. Indeed if C denotes the if -subalgebra of A generated by these 

Q 

elements and if C were smaller than A , then C ®k M would be smaller then 

Q 

A ®k M, contrary to Lemma 2.1. 

Q 

Definition 2.3. Put V = spec A, and W — spec A . Weil's restriction functor 



Re/k * s defined by the following formula: 

Re/k(V) = W. 



Note that we have the following isomorphisms: 

Q 

W<E> K M = spec (A <Z> K M) = spec A 
spec {A ai ® M • • • ®m A a ~) = (V M) ® M • • • ®m (V ® E ,a n M), 

hence 

Re/k(V) ®k M S (V M) ® M ■ ■ ■ ®M (V ® Et(7n M). 
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Lemma 2.4. Let V' C V be a closed imbedding of affine schemes over E. Then 
Re/k{V) C Re/k(V) is a closed imbedding of affine schemes over K. 

Proof. We can assume that V = spec(E[X]/I) and V — spec(E[X]/J) for two 
ideals J C J of E[X]. Put A = E{X]/I and B = E[X]/J and let cj> : A -> B 
be the natural surjective ring homomorphism. The homomorphism <f> induces the 
surjective -E-algebra homomorphism 

4> : A -> B 

which upon taking fix points induces the if-algebra homomorphism 
(2.5) ~f : A G ^B G . 

By Remark 2.2 we see that B is generated as a if -algebra by elements E™=i a< j i X ai 

Q Q 

(more precisely their images in B ) . Similarly A is generated as a if -algebra by 
elements J27=i a T X <7i ( more precisely their images in A ). It is clear that cf) sends 
the element J2i=i a ? x<Ti G ^° into E"=i a ? x<Ti e B° . Hence Tjf is onto. □ 



Lemma 2.6. Consider the group scheme GL r /E. The affine group scheme Re/k{GL t ) 
is a closed subscheme of GL rn / K 

Proof. Let a\, . . . ,a n be a basis of E over K and let Let /3\,. . . ,f3 n be the corre- 
sponding dual basis with respect to Tr E / K . Define block matrices: 



1 *r 

2 1 r 



1 J-r 

"2 T 

2 1 r 



«1 

a° 



\ Oft I r < 2 Ir ... <"/ r / 



Notice that by definition of the dual basis AB = BA = I rn . Define block diagonal 
matrices: 



(X ai QI r 



V 0I r 0I r 



0I r \ 

QI r 



X °nJ 



Y = 



0I r Y° 2 



V 0I r 0I r 



0I r \ 
0I r 



where Y ai , . . . , l" 7 " and CTl , 
r x r matrices indexed by o~\, 



, X° n , are multivariables written now in a form of 
, a n . Let Tij and 5^ , for all 1 < i < n, 1 < j < n, 



be r x r multivariable matrices. Define block matrices of multivariables: 



T : 



( T n Tia 
T21 T22 



nl 



tn2 



T2ra 



T / 

nn ' 



I On S'12 
S21 S'22 



rc2 



Sin \ 
S2n 
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Notice that: 

/E;=i(«i/3i) ff ^ c 

e;=i(« 2 /3i) ct ^° 



E"=i(«i^)^^ 

E?=l(«2/%)^^ 



/e;=i(«iA) ctj ^ 
e;=i(«2/3i)^^ 



E; = i(a2/3 2 ) CT ^^ 



V E;=i K/3i) CTj ^ 3 E?=i Y°> 



e;=i(«i/3„)^^\ 
e;=i(«2/3„) ct ^ ct 

E;=iK/?n) CT ^ CTj 7 
e;=i(«i/3«)^^\ 

E"=l(«2/3n)^^ 



ELiKAO^'/ 



are G-equi variant. Hence, there is a well 



(M[X,Y]/(XY-/ rn , YX -I rn )Y 



Observe that the entries of AXB and AYE 
defined homomorphism of K- algebras 

(2.7) $ : ir|T,S]/(TS-J rn , §T-7 rn ) 

T -> 



The definition of $ and the form of the entries of matrices AXB and AYB show (by 
the same argument as in Lemma 2.4) that the map $ is surjective. Observe that 

GL rn /K = spec K[T,S]/{TS - I rn , §T - I rn ), 

GL r /E = spec E[X, Y]/(XY - I r , YX - I r ), 

where X and Y arc r x r multivariable matrices. Observe that there is a natural 
M-algebra isomorphism 

M[X, Y]/(XY - I rn , YX - I rn ) — A ai 0m ■ ■ * ®m A°", 

where in this case 

A"* = M[X,Y]/(XY-I r ,YX-I r ) = M[X°i ,Y°i\l{X u iY°i -I r ,Y°iX°i -I r ). 
Hence, by Definition 2.3 we get a natural isomorphism of schemes over K : 

R E/K {GL r ) = spec (M[X, Y]/(XY - I rn , YX - I rn )f 
and it follows that $ induces a closed imbedding of schemes over K 

R-E/K(GL r ) — > GL rn . □ 



Remark 2.8. Let E/K be an extension of two local fields with the property 
that the corresponding extension of rings of integers Oe/Ok has integral basis 
ai, . . . , a n of Oe over Ok such that the corresponding dual basis @i, . . . ,/3„ with 
respect to Tt E /k is a l so a basis of Oe over Ok- Let Ro e /O k be the Weil restriction 
functor defined analogously to the Weil restriction functor for the extension E/K. 
Under these assumptions the following Lemmas 2.9 and 2.10 are proven in precisely 
the same way as Lemmas 2.4 and 2.6. 
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Lemma 2.9. Let V' C V be a closed imbedding of affine schemes over Oe- Then 
Roe/OkW) c Ro e /Ok(Y) * s a cl° se d imbedding of affine schemes over Ok- 

Lemma 2.10. Consider the group scheme GL t /Oe- The affine group scheme 
Ro E /0 K (GL r ) is a Zariski closed subscheme of GL rn /OK- 

We return to the case of the arbitrary separable field extension E/K of degree 
n. Every point of X G GL r (E) is uniquely determined by the ring homomorphism 

h Xo : E[X,Y]/(XY-I r , YX-I r ) - E 

X ^ X , Y i — ► Y , 
where Yq is the inverse of Xq . This gives immediately the homomorphism 

h To : K[T, S]/(TS - I™, ST - I rn ) • K 

Tm T = AX B, 



where 



in 



0I r 



0I r X° 2 



\ 0I r 0I r 



0I r \ 
0I r 



Yn 



(Yq' 0I r 
Olr Y^ 



\ 0I r 0I r 



0I r \ 
0I r 



1 a ' 



and the action of <r, on Xq and Yq is the genuine action on the entries of Xq and Yq. 
Obviously hj determines uniquely the point To G GL rn {K) with the inverse So- 

Definition 2.11. Assume that Z = {X t ; t E T} C GL r (E) is a set of points. We 
define the corresponding set of points: 



= {T t =. 



B; teT} c GL rn (K). 



We denote by Z alg the Zariski closure of Z in GL r /E and by Z^ 9 the Zariski 
closure of Z<$> in GL rn /K. 

Proposition 2.12. We have a natural isomorphism of schemes over K : 



R E / K {z al9 ) 



7 alg 



Proof. Let 

J t = (XY - I r , YX -I r ,X- X t , Y - Y t ) 
be the prime ideal of E[X, Y] corresponding to the point X t e GL r (E). Let 

teT 
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By definition Z alg = spec (E[X,Y]/J). Let 

J t = (TS - I rn , ST — I rn , T - AX t B, § - AY t B) 

be the prime ideal in if[T, §]/(T§ — I rn , ST — I rn ) corresponding to the point 
AX t B e GL rn (K). Define 



By definition = spec (K[T, S]/J). Put ^ = £[J,y]/(iy - J r , FX - 7 r ). 

Observe that the ring A is generated as a K- algebra by AXB and A¥B, since A 
is generated by X and Y as an M-algcbra. Define 



Q 

which is an ideal of A . Put 

j' = n 4 

teT 

We have the following isomorphism induced by $. 

(2.13) tf[T,S]/Jf t S A°/f t S X 

Hence, $ _1 (JJj) = J t and $ _1 (jr') = JJ. This gives the isomorphism 

(2.14) K[T,S}/3 S 3 G /J'. 

Let £? = i?[A", F]/J. There is a natural surjective homomorphism of if -algebras 
coming from the construction in the proof of Lemma 2.4 (see (2.5)): 

(2.15) A^/f^B^ 

induced by the quotient map A — > B. We want to prove that (2.15) is an isomor- 
phism. Observe that there is natural isomorphism of if-algebras: 

(2.16) A G /f t £* A/J t G = K. 

Consider the following commutative diagram of homomorphisms of if-algebras: 



A G /f > B G 



(2.17) 



Y\teTA G /f t — Ute T A/Jt G 



The left vertical arrow is an imbedding by definition of JJ' and the bottom horizontal 
arrow is an isomorphism by (2.16). Hence the top horizontal arrow is an imbedding, 
i.e., the map (2.15) is an isomorphism. The composition of maps (2.14) and (2.15) 
gives a natural isomorphism of -ft'-algebras 

(2.18) K[T,S]/S = B G . 

But Z^ 9 = spec (K[T,S]/JJ). In addition, Z alg = specB, hence R E/K (Z al 9) = 
specB° and Proposition 2.12 follows by (2.18). □ 

Remark 2.19. If Z is a subgroup of GL r (E), then Z<s> is a subgroup of GL rn {K). 
In this case Z alg is a closed algebraic subgroup of GL. r /E and Z§ 9 is a closed 
algebraic subgroup of GL rn /K. 
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Definition 2.20. Let G\ = spec A be an affine algebraic group scheme defined over 
E and Q\ its Lie algebra. We define g = R e /k0i to be the Lie algebra obtained 
from Qi by considering it over K with the same bracket. 

Lemma 2.21. Cie(R E / K G\) = Re/kQi- 

Proof. Let n — [E : K] and G = Gal(E/K). Since G\ is an algebraic group 
0i = T>er(A) is the Lie algebra of derivations of the algebra A of functions on G\ [ 
HI]. Let <f> : Der(A) — > Der(A) be the homomorphism of Lie algebras (considered 
over E) given by the following formula: 

(f)(5) = <g> • • • <g> id <g> Si <g> id <g> ■ ■ ■ ® id, 

where Si = S ® 1 as an element of Der(A cr *). Recall that A a * = A® E ^ a M. If a G G 
and a{a\ ® • • -®a n ) = a{ak 1 )®- • •®cr(ak n ) one readily sees that Sj(a(akj )) = ^{Skj ) 
and therefore <f>{8) is G-equivariant i.e., (f)(5) £ Der(A G ). It is easy to see that (f)(5) 
as an element of Der(A) is nontrivial if 5 is nontrivial. Since (f)(5) is M-linear and 
A g ®kM = A, we see that (f)(5) is a nontrivial element of Der(A G ) = Cie(RE/KG\). 
On the other hand, observe that 

C,ie(R EjK Gx)® K K = Lie(R EIK G x ® K K) = 

= Cie(G x K ---x K G) = (©fli) ® E K = g ® K K. 

This shows that Cie(R E /KG\) and R e /kQi have the same dimensions and therefore 
are equal. □ 

Lemma 2.22. Let g be a Lie algebra over E and let g' be its derived algebra. Then 

Re/k(&') = (Re/k(&)Y 

Proof. This follows immediately from the fact that R e /k(q) and g have the same 
Lie bracket (cf. Definition 2.20) □ 

Lemma 2.23. If G is an algebraic group over E of characteristic 0, then 

Re/k(G') = (Re/kG)' 

Proof. We have the following identities: 

Lie((R E/K (G))') = (Lie(R E / k (G)))' = (R E/K (Lie(G)))' = 

= R E /K((Lie(G))') = R E/K (Lie(G')) = Lie(R E/K (G')) 

The first and the fourth equality follow from Corollary on p. 75 of [HI]. The second 
and fifth equality follow from Lemma 2.21. The third equality follows from Lemma 
2.22. The Lemma follows by Theorem on p. 87 of [HI] and Proposition on p. 110 
of [HI]. □ 
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3. Some remarks on bilinear forms. 

Let E be a finite extension of Q of degree e. Let E\ = E ® Q; and Oe 1 = Oe <8> Z;. 
Hence E\ — rj A | ( E\ and Oei = Yl\\i 0\. Let (D' x be the dual to 0\ with respect to 
the trace TrE x /q r For I > we have 0' x = 0\ sec [A], Chapter 7. From now on 
we take I big enough to ensure that C x = 0\ and an abelian variety A has good 
reduction at all primes in Oe over I. The following lemma is the integral version of 
the sublemma 4.7 of [D]. 

Lemma 3.1. Let T\ and T 2 be finitely generated, free OE^modules. For any bi- 
linear 7L\ (resp. nondegenerate bilinear 7L\) map 

i>i : Ti x T 2 -> Z ( 

such that ipi(evi, v 2 ) = i>i(vi, ev2) for all e G El ,v\ G 7i,U2 G T 2 , there is a 
unique OErbilinear (resp. nondegenerate OE t -bilinear ) map 

& : Ti x T 2 El 

such that Tr El /Q t (<t>i(vi,V2)) — i>i(vi,V2) for all v\ G Ti and v 2 G T 2 . 
Proof. Similary to Sublemma 4.7, [D] we observe that the map 

Tr El/qi : Hom OEi (Ti ®o El T 2 ; El ) -» Hom Zl (Ti ®o El T 2 ;Z,.) 

is an isomorphism since it is a surjective map of torsion free Zj-modules of the same 
Z;-rank. The surjectivity of Tr E ,/Q, can be seen as follows. The Zj-basis of the 
module Tx®q e T 2 is given by 

B= ((0,...,0,a£,0,...,0) ei ® e ;) 

where (0, . . . , 0, a£, 0, . . . , 0) G LJa|z ^ a an( ^ "fc * s an e l emen t of a basis of 0\ over 
Z; and ej (resp. e^) is an element of the standard basis of T\ (resp. T 2 ) over Oe v 
Let V'fe.i.j G Homz,(Ti ®o El T 2 ; Z;) be the homomorphism which takes value 1 on 
the element (0, . . . , 0, afc, 0, . . . , 0)ej ® of the basis £> and takes value on the 
remaining elements of the basis B. Let us take fcj G Homo El {T\ ®o El T 2 
such that 

1 if i = r and j = s 
if i 7^ r or j 7^ s 



ij( e r ® e' g ) = j 



Then for each k there exist elements (the dual basis) G Oa such that Tr Ex /q, (Pk a n) 
J fc ,„. If we put ^. fc = (0,. . .,0,^,0, . . .,0)&j then clearly Tr B|/Ql (^. |fc (ti,t2)) = 
^ij fe(*i) ^2)- Hence the proof is finished since the elements ^ • fe (ii, i 2 ) form a basis 
of 'H om Zl (Ti (g) OEi T 2 ; Zj) over Z, . □ 

Take T\=T 2 = T\ and assume that tpi is nondegenerate. Let 
^ : Ti/lTiXTi/lTt^Z/l 
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be the Z/7-bilinear pairing obtained by reducing the form tpi modulo I. Define 

T x = e x T t = T t ® OEi Ox 
V x = T x ®o A E x 

where ex is the standard idempotent corresponding to the decomposition Oei = 
Yl x Ox- Let nx ■ Oe, — > Ox be the projection. We can define an 0A-nondegenerate 
bilinear form as follows: 

ip\ '■ Tx x Tx > Ox 
ipx(exvi,exv 2 ) = tt\((/>i(vi, v 2 )) 
for any v\,v 2 € 7j. Put fc>, = Ox/XOx- This gives the /cA-bilincar form Va = 

-0A ®O a &A 

^a : Ta/ATa x T x /XT x ^k x . 
We also have the i?A-bilinear form ip x := -0a <S>o a E\ 

^x-.VxxVx^ Ex. 

Lemma 3.2. Assume that the form ip t is nondegenerate. Then the forms ip x , ipx 
and t^x are nondegenerate for each X\l. 

Proof. First we prove that ip x is nondegenerate for all X\l. Assume that V A i s 
degenerate for some A. Without loss of generality we can assume that the left 
radical of ip x is nonzero. So there is a nonzero vector eAt>o G T\ (for some vq € T{) 
which maps to a nonzero vector in Tx/XTx such that Va^a^o, exw) E XOx for all 
w E T;. Now use the decomposition TJ = (&\T\, Lemma 3.1 and the Oe 1 -linearity 
of <f>i to observe that for each w E T; 

ipi(e x v , w) = Tr El /Q,{M e x v o, ^eyw)) = Tr Ex /q l il>\{exv , e A w) G 

A' 

This contradicts the assumption that ip l is nondegenerate. 

Similarly, but in an easier way, we prove that ipx is nondegenerate. From this 
immediately follows that tp® is nondegenerate. □ 

4. Auxiliary facts about abelian varieties. 

Let A/F be a principally polarized, simple abelian variety of dimension g with 
the polarization defined over F. Put 72. = Endp(A) We assume that Endp(A) = 
EndF(A), hence the actions of 72. and Gf on A(F) commute. Put D = Endp{A)®z 
Q. The ring 72. is an order in D. Let E\ be the center of D and let 

E := {a G Ei; a = a}, 

where / is the Rosati involution. Let 72. d be a maximal order in D containing 72.. 
Put 0% := 72. n E. The ring 0% is an order in E. Take I that does not divide the 
index [K D : 72]. Then U D ® z Z z = 72 ® z Z; and O e ®z %i = 0% ® z Z ( 

The polarization of A gives a Z;-bilinear, nondegenerate, alternating pairing 



(4.1) 



V* : T,(A) xT,(A) -Z,. 
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Because A has the principal polarization, for any endomorphism a G 1Z we get 
a' G 1Z, (see [Mi] chapter 13 and 17) where a' is the image of a by the Rosati 
involution. Hence for any v,w G Fj(A) we have tpi(av,w) = ipi(v,a'w) (see loc. 
cit.). 

Remark 4.2. When we deal with an abelian variety which is not principally po- 
larized, we must assume that I does not divide the degree of the polarization of A, 
if we want to get a' <g> 1 G 1Z <S> for a e 

By Lemma 3.1 there is a unique nondegenerate, Oe 1 -bilinear pairing 

(4.3) 0, : T,(A) x T,(A) - Ob, 

such that TrE l /Q l (4>i(vi,V2)) — ^i{v\,V2)- As in the general case define 
F\(^4) = e \Ti(A) = TJ(j4) a 

V X (A)=T X {A) ® 0x E x . 

Note that T A (,4)/AT A ( J 4) = A[X] as fc A [G F ]-modules. 

Again as in the general case define nondegenerate, C A -bilinear form 

(4.4) Va : T\{A) x T\(A) -> C9 A 

V>A(e A ui,e A w 2 ) = 7ta(</»j(u1)V2)) 
for any Wi,«2 G 7} (A). The form ip\ gives the forms: 

(4.5) V^ A : A [A] x A[X] - fc A . 



(4.6) ^:V A (A)xn(4)^4 

Notice that all bilinear forms Vo^V'a an d ^a are alternating forms. For Z relatively 
prime to the degree of polarization the form if>i is nondegenerate. Hence by lemma 
3.2 the forms ip\,ip\ and -0° are nondegenerate. 

Lemma 4.7. Lei x\ '■ Gf — > C Oa & e tfte composition of the cyclotomic 
character with the natural imbedding Z; C C A . 

(i) For any a G Gf and all V\,V2 G F A (A) 



■0 A (o-Wl,Cru 2 ) =Xa(ct)^a(«1,U2)- 

(ii) For any a e TZ and all V\,V2 G Fx 

^A(afi,f2) = ipx{vi,a'v2). 
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Proof. Proof is the same as the proof of Lemma 2.3 in [C2]. □ 

Remark 4.8. After tensoring appropriate objects with in lemmas 3.1 and 4.6 
we obtain Lemmas 2.2 and 2.3 of [C2]. 

Up to theorem 4.16, A/F is an arbitrary abelian variety defined over a number 
field F. We introduce some notation. Let G^, Gi, GjL denote the images of the 
corresponding representations: 

Pi : G F - GL(T t (A)) £* GL 2g (Z t ), 

pi : Gf — > GL(A[l]) = GL 2g {¥{), 
Pi <&Qi ■ Gf — > Gi(V5(A)) = GL 2ff (Q;). 

Let gf 9 , (G(l) al s, Gf 9 resp.) denote the Zariski closure of the image of the rep- 
resentation pi, (pi, pi®Qi resp.) in GL 2g /Z/, (GL 2g /¥i, GL 2g /Qi resp.) 

Due to our assumptions on the Gi?-action and the properties of the forms ip x ,ip x 
and V'a we g e t ; 

(4.9) Gi~ C Gf 9 (Zi) c [] GSp Tx{A) (O x ) C GL Tl{A) (Zi) 

x\i 

(4.10) Gi C G(/) a ^(F ; ) c [] GS PA[x] (k x ) c GL A[/] (F,) 

x\i 

(4.11) G°o c Gf»(Q,) c [] GS PVx(A) (E x ) c GL Vl(yl) (Q,). 

x\i 

Let -ftT/Q; be a local field extension and Ok the ring of integers in K. Let T be a 
finitely generated, free (^-module and let V = T ®o K K- Consider a continuous 
representation p : Gf — > GL(T) and the induced representation p a = p ® K : 
Gf — > GL(V). Since Gf is compact and p° is continuous, the subgroup p°(Gf) of 
GL(U) is closed. By [Sc7], LG. 4.5, p a (G F ) is an analytic subgroup of GL(V). 

Lemma 4.12. Let g 6e f/ie Lie algebra of the group p°(Gf) 

(i) There is an open subgroup Uq C p°(Gf) such that 

End Ua (V) = End g (V). 

(ii) For all open subgroups U C p°(G F ) we have 

Endu (V) C End 3 (V). 

(iii) Taking union over all open subgroups U C p (Gf) we get 

U Endu (V) = End a (V). 

u 
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Proof, (i) Note that for any open subgroup U of q we have 

(4.13) End d (V) = End B (V) 

because KU = g. By [B], Prop. 3, III. 7. 2, for some open U C Q, there is an 
exponential map 

exp : U p°(G F ) 

which is an analytic isomorphism and such that exp{U) is an open subgroup of 
P°(Gf)- The exponential map can be expressed by the classical power series for 
exp(t). On the other hand by [B], Prop. 10, III. 7. 6, for some open U C p°(Gp), 
there is a logarithmic map 

log : U -> q 

which is an analytic isomorphism and the inverse of exp. The logarithmic map can 
be expressed by the classical power series for Int. Hence, we can choose Uq such 
that Uo — exp(U ) and log (Uo) = Uo- This gives 

(4.14) End Uo (V) = End 0a (V). 
and (i) follows by (4.13) and (4.14). 

(ii) Observe that for any open U C p°(Gf) we have 

Endu(V) C End UonU (V). 

Hence (ii) follows by (i) . 

(iii) Follows by (i) and (ii). □ 

Lemma 4.15. Let A/F be an abelian variety over F such that Endp (A) = 
Endp(A). Then 

End GF (Vi(A))=End Sl (Vi(A)). 

Proof. By the result of Faltings [Fa], Satz 4, 

End L (A)=End GL {V t (A)) 
for any finite extension L/F. By the assumption Endp (A) = Endp (A). Hence 

End Gp {V t (A)) = Endu, (Vi(A)) 
for any open subgroup U' of Gp. So the claim follows by Lemma 4.12 (iii). □ 

Let A be a simple abelian variety defined over F and E be the center of the 
algebra D = Endp(A) <g> Q. Let \\l be a prime of Op over I. Consider the following 
representations. 

Px '■ Gp —* GL(T\(A)), 
■pl-.Gp^ GL(A[X}), 
Px®o x E x : G F -> GL(V X (A)), 

where X\l. Let gf 9 , ( G(A) a 'f, G a x lg resp.) denote the Zariski closure of the image of 
the representation p A , (Tja, p\®E x rcsp.) in GL Tx(A) /O x , ( GL A[x] /k x , GL Vx{A) /E x 
resp.) 
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Theorem 4.16. Let A be a simple abelian variety with the property that 1Z = 
Endp(A) = Endp(A). Let 1l x =1l ® o O x and let D x = D(g> E E x . Then 

(i) End 0x[Gp] (T X (A)) = 7Z\ 

(ii) End Rx[GF] (V X (A)) = D\ 

(iii) End kx[GF] {A[X}) = TZ x (g> 0x k x 

Proof. It follows by [Fa], Satz 4 and [Za], Cor. 5.4.5. □ 

Lemma 4.17. Let K be a field and let R be a unital K -algebra. Put D = End R (M) 
and let L be a subfield of the center of D. Assume that L/K is a finite separable 
extension. If M is a semisimple R-module then M is also a semisimple R ®k L- 
module with the obvious action of R ®k L on M. 

Proof. Take a € L such that L = K(a). Let [L : K] = n. Let us write M = ffijMj 
where all Mj are simple R modules. For any i we put M = Y^k=o °^ Then Mi 
is an R ®k L-module. Because Mi is a simple i?-module we can write 

m— 1 

fe=0 

for some m. Observe that if m = 1, then M, is obviously a simple R ®k L- module. 
If m>l, we pick any simple i?-submodule Ni C Mj, Ni ^ Mi. There is an R- 
isomorphism <fr ■ Mi —> Ni by semisimplicity of Mi . We can write M = Mi © Ni © 
M', where M' is an i?-submodule of M. Define * e Aut R (M) C End R (M) by 
*|m, = <t>, *|jv 4 = <f>~ x and *| M ' = Id M >- Note that 

m—l m—l 

(4.18) M/(0 a fc Ml ) = a fc 7V 4 

fe=0 fc=0 

since a is in the center of D. Hence Mj = ©J!!^ 1 a fe iVi by the classification of 
semisimple i?-modules. We conclude that Mj is a simple R ®k L-module. Indeed, 
if N C Mi were a nonzero R ®k L-submodule of Mj then we could pick any simple 
i?-submodule N, C N. If N { = M l then = Mj. If Ni ^ Mj then by (4.18) 
M = ©feTg 1 a k N t C iV. Since M = ]T\ Mj, we see that M is a semisimple R® K L- 
module. □ 

Theorem 4.19. Let A be a simple abelian variety with the property that 1Z = 
Endp(A) = Endp(A). Let K x = K © O o O x and let D x = D ® E E x . Then G F 

acts on V X (A) and A[X] semisimply and G a x lg and G(X) alg are reductive algebraic 
groups. The scheme Q^ 9 is a reductive group scheme over O x for I big enough. 

Proof. It follows by [Fa], Theorem 3 and our Lemma 4.17. The last statement 
follows by [LP1], Proposition 1.3, see also [Wi], Theoreme 1. □ 

5. Abelian varieties of type I and II. 

In this section we work with abelian varieties of type I and II in the Albert's 
classification list of division algebras with involution [M], p. 201, i.e. E C D = 
Endp(A) ®z Q is the center of D and E is a totally real extension of Q of degree e. 
Moreover D is either E or an indefinite quaternion algebra with the center E, such 
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that D <S>e K — -^2,2 (K). In the first part of this section we prove integral versions 
of the results of Chi [C2] for abelian varieties of type II. Let I be any prime number 
that does not divide the index [TZd ■ H] and I ;» for which D <S>q Qi splits over 
Qj. With such a choice of I, the algebra D splits over any prime A in Oe over I. 
Hence, D x = M 2 , 2 {E X ). Then by [R, Corollary 11.2 p. 132 and Theorem 11.5 p. 
133] the ring R x is a maximal order in D x . So by [R] Theorem 8.7 p. 110 we get 
R\ = M 2;2 (0a), hence R x ®o x k x = M 2>2 {k x ). Similarly to [C2] we put 




Let e = i(l+t), / = |(l + «), X = eT\(A), y = (l-e)T x (A), X' = f T x (A) , 
Y = (1 -f)T x (A). Put X_ = X® 0x E x , X>_= X'® 0x E x , Y = y®o x E x , Y> = 

y'®O x E x , X = X® 0x k x , X' = X'® 0x k x , V = y®o x k X , V = y'®O x k X . Mul- 
tiplication by u gives an OA[G_F]-isomorphism between X and y, hence it yields 
an £oJGF]-isomorphism between X and Y and a k x [Gp] -isomorphism between X 
and y. Multiplication by t gives an O x [Gf] -isomorphism between X' and y', hence 
it yields an £\[Gi?]-isomorphism between X' and Y' and a k x [Gp] -isomorphism 
between X and y . Observe that 

(5.1) End 0x[GF] (X) = End 0x[GF] {X') = O x 

(5.2) End Ex[GF] (X) - End Ex[GF] (X') = E x 

(5.3) End kx[GF] (X) = End kx[GF] (x') = k x . 

So the representations of Gp on the spaces X,Y,X',Y' (rcsp. X, y, x' , y') are 
absolutely irreducible over E x (resp. over k x ). Hence, the bilinear form %p\ cf. 

(4.4) (resp. ip x cf. (4.5)) when restricted to any of the spaces X,X' ,Y,Y' , (resp. 
spaces X, X , y, y ) is either nondegenerate or isotropic. 

We obtain the integral version of Theorem A of [C2]. 

Theorem 5.4. If A is of type II, then there is a free O x -module W X {A) of rank 
2h such that 

(i) we have an isomorphism of O x [Gf]- modules T X (A) = W X (A) © W X (A) 

(ii) there is an alternating pairing ip x : W x (A) x W x (A) — > O x 

(ii') the induced alternating pairing ip® : W X (A) x VKa(^4) —* E x is nondegener- 
ate, where W X {A) = W X (A) ® 0a E x 

(ii") the induced alternating pairing ip x : W X {A) x W X (A) — > k x is nondegener- 
ate, where W X (A) = W X (A) ® 0a k x . 

The pairings in (ii), (ii') and (ii") are compatible with the Gp-action in the same 
way as the pairing in Lemma 4-7 (i). 

Proof, (ii') is proven in [C2], (i) and (ii) are straightforward generalizations of the 
arguments in loc. cit. The bilinear pairing (f>i is nondegenerate, hence the bilinear 
pairing <p l is nondegenerate, since the abelian variety A is principally polarized by 
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assumption. Actually <p l is nondcgcncratc for any abelian variety with polarization 
degree prime to I. So, by Lemma 3.2 the form -t/j A is nondegenerate for all A hence 
simultaneously the forms ip° and ip x are nondegenerate. Now we finish the proof 
of (ii") arguing for A[X] similarly as it is done for V\ in [C2], Lemma 3.3. □ 



From now on we work with the abelian varieties of type either I or II. We assume 
that the field F of definition of A is such that Gf 9 is a connected algebraic group. 
Let us put 



(5.5) 

Let Vx = T x 

(5.6) 

We put 
(5.7) 



' Tx(A) if A is of type I 

Tx= < 

_ W\(A), if A is of type II 
Ex and Ax = Vx/Tx- With this notation we have: 
f 0a|z V * if A is of ^ 1 



Vi(A) = { 



K 0A|i(Vx©Vx), if A is of type II 



Vi 



®Vx 

x\i 



Let V$ A be the space Vx considered over Qj. For px(g) = Xx and for Xx £ GL(Vx), 
we define p* A (g) = Ta = A^X^M^ ( cf. the definition of the map $ in (2.7) for 
the choice of Ax and M\). We have the following equality of Qz-vector spaces: 



(5.8) 

The /-adic representation 
(5.9) 



Vi = 0^ 
x\i 



Pi : G} 



GL(Vi(A)) 



induces the following representations (note that we use the notation pi for both 
representations (5.9) and (5.10) cf. Remark 5.13 ): 



(5.10) 



PV-Gi 



cm) 



(5.11) n^ :G ^^ri GL (^) 

A 

(5.12) n^:G F ^n GL{V* X ). 



Remark 5.13. In the case of abelian variety of type II we have Vi(A) = ViOVi and 
the action of Gf on the direct sum is the diagonal one as follows from Theorem 
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5.4. Hence, the images of the Galois group via the representations (5.9), (5.10) 
and (5.12) are isomorphic. Also the Zariski closures of the images of these three 
representations are isomorphic as algebraic varieties over Q; in the corresponding 
GL-groups. Similarly, V\(A) =V\®V\ with the diagonal action of Gf on the direct 
sum by Theorem 5.4. Hence, the images of the representations given by Gi?-actions 
on V\ and V\(A) are isomorphic and so are their Zariski closures in corresponding 
GL-groups. For this reason, in the sequel, we will identify the representation of Gf 
on Vi(A) (respectively on V\(A)) with its representation on Vi (resp. V\). 

By Remark 5.13 we can consider Gf 9 (resp. G a ^ 9 ) to be the Zariski closure in GLy t 
(resp. GLy x ) of the image of the representation pi of (5.10) (resp. p\ of (5.11)). 
Let G^ 9 denote the Zariski closure in GLy^ x of the image of the representation 
p$ A of (5.12). Let Qi be the Lie algebra of Gf 9 , g\ be the Lie algebra of G a ^ 9 and 
let g$ A be the Lie algebra of G°£ 9 . By definition, we have the following inclusions: 

(5.14) Gf 9 c n A|i < 9 

(5.15) (Gf 9 y c n A /< 9v 



(5-16) Bi C A|; 0* A 

(5-i7) r C a|;0 | s a . 

The map (5.14) gives a map 

(5.18) Gf 9 -» G a J 9 , 
which induces the natural map of Lie algebras: 

(5.19) Ql^Q* x - 

Lemma 5.20. The map (5.19) of Lie algebras is surjective for any prime X\l. 
Hence the following map of Lie algebras: 

(5-21) Qf s - fl| s A 

is surjective. 

Proof. Wc know by the result of Tate, [T2] that the Qi[G F ]-modulc Vi(A) is of 
the Hodge- Tate type for any prime v oi Of dividing /. Hence by the theorem of 
Bogomolov cf. [Bo] we have 

0; = Cie(pi(G F ))- 

Since each Q;[G_F]-module V$ A is a direct summand of the Qi[^V]" moc hile Vi, then 
the Qi^i^-module V$ A is also of the Hodge- Tate type for any prime v of Op- 
dividing I. It follows by the theorem of Bogomolov, [Bo] that 

0$ A = Cie{p<s, x (G F )). 

But the surjective map of Ladic Lie groups pi(Gf) — ► p<s> x (Gf) induces the surjec- 
tive map of l-adic Lie algebras Cie(pi(GF)) — * £ie (p<s> x (Gf))- □ 
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Lemma 5.22. Let A/F be an abelian variety over F of type I or II such that 
End F (A) = Endp(A). Then 

(5.23) End 5x (V\) £* End Gp (V x ) <* E x 

(5.24) End g , x (V* x ) - End Ql[GF] (V*J - E A . 

Proof. By [F], Theorem 4, the assumption Endp (A) = Endp (A) for any finite 
extension L/F, Theorem 4.16 (ii), the equality (5.2) and Theorem 5.4 we get 

(5-25) E x - End Ex[GF] (V x ) £* End Ex[GL] (V x ). 

This implies the equality 

End GF (V x ) = Endjj, (V x ) 

for any open subgroup U' of Gf- Hence, the equality (5.23) follows by Lemma 
4.12 (iii). For any F C L C F we have M 2 ^(Endq l[GL] (Vi)) = £W Q;[Gl] (^ 2 ) = 
End Ql[GL] (Vi(A)) and 

(5.26) EndQ^WiA)) <* ]Jd x = JJ Af 2 , 2 (£? A ). 
On the other hand 

(5.27) ]JE X = \{End Ex[GL] {V x ) C End^^). 
x\i x\i 

Hence, comparing the dimensions over Qi in (5.26) and (5.27) we get 

(5-28) l[End Ex[GL] (V x ) = Endq t [ Gl ](Vi). 

x\i 

By (5.28) we clearly have 

(5.29) l[End Ql[GL] (V* x ) C End Ql[G L] (V t ) =]Je x , 

X\l X\l 

and 

(5-30) End Ex[GL] (V x ) C End Ql[GL] (V^ x ). 

It follows by (5.25), (5.29) and by (5.30) that for any finite field extension F C L 
contained in F we have 

(5.31) End Ql[GL] (V* x ) - End Ex[GL] (V x ) £* E x . 
The isomorphisms (5.31) imply that 

(5.32) End Gp (V* A ) <* finrfy (V$ A ) 

for any open subgroup U' of G_f. The isomorphism (5.24) follows by (5.32) and 
Lemma 4.12 (iii). □ 



20 



G. BANASZAK, W. GAJDA, P. KRASON 



Lemma 5.33. q\ s = sp 2 h{E\). 

Proof. In the proof we adapt to the current situation the argument from [BGK], 
Lemma 3.2. The only thing to check is the miniscule conjecture for the A-adic 
representations pp ■ Gf — > GL(V\). By the work of Pink cf. [P], Corollary 5.11, 
we know that Qf s <g> may only have simple factors of types A, B, C or D. By the 
semisimplicity of gf s and Lemma 5.20 the simple factors of gj s x ®Qj are of the same 
types. By Proposition 2.12 and Lemmas 2.21, 2.22, 2.23 we get 

(5-34) 0% s x =Re x / Qi 9 s x s - 
Since 

we see that the simple factors of A S ®£ A Q are of types A,B,C or D. The rest of 
the argument is the same as in the proof of Lemma 3.2 of [BGK]. □ 

Lemma 5.35. There are natural isomorphisms of 'Qj- algebras. 

(5.36) End ol . x (V* x ) <* £?nd„« (Fx) = £a 

Proof. Since g> is reductive and it acts irreducibly on the module V\ (cf. Lemma 
5.33) by [H2], Prop. p. 102 we have: 

(5.37) 9x = Z( S x)®9x 
and Z(q x ) = or Z(q x ) = E x . This gives 

(5.38) End g ss (V x ) = End 3x (V x ). 

The Weil restriction functor commutes with the operation of taking the center of a 
Lie algebra, hence we get = or E\ and by (5.34): 

fl*A = Z (fl*A ) © fl| S A • 

Since g$ A = Re x /Q,Bx, it is clear that 

£nd„« (V* A ) = £rad fl#> (V*J. 

The lemma follows now from Lemma 5.22. □ 
Proposition 5.39. There is an equality of Lie algebras: 

(5.40) sr=0 0i s , 

Proof. Put V; = ^® Qi Q /; F A = Vx® Ex ®i, W = B''®Q,Qi, Bl\ = Bz^siMi- 
By (5.34) we get 

(5.41) q%\ = Bf ®e x E X ® Ql Q t = ]J_ 8" ®e x Q, = ]J sp (Vx) 

E X ^Q, E X ^Q, 
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By Corollary 1.2.2 of [CI] wc have = Q; © flf s , hence 

End a .. {Vi(A)) = End Bl (VftA)). 
By Lemmas 5.20 and 5.35 

(5.42) ]JE X - ]jEnd g s A (V^) £* JJ £?nd fl « (V* J C Snd flf . (Vi). 

A|J A|i X\l 

But by assumption on I and (5.42) 

= l[M 2t2 (E x ) = M 2t2 ([[E x ) c M 2t2 (End 3f s(V l )) = 

X\l X\l X\l 



(5.43) = End ar (Vi(A)) = End Sl (Vj(A)) = JJl> A . 

Comparing dimensions in (5.43) we get 

(5.44) £?nd fl «(Vi) * J]^ 

Hence we get 

(5.45) End-gssiVt) = £7nd„« (^) ® Ql Q, * J] £ A ® Qi Q ; J] JJ 



(5.46) £ndQ ;[GF] (y A ) = EndE x [c f] (^a) ©-Ea Q/ = ^a ®e x Q, = Qj. 

(5.47) V l - V A ® Qi Q ; - 0^ F A . 

A|i A|i £ A ^Q, 

By (5.21) the map of Lie algebras gf s — > g|f A is surjective. Isomorphisms (5.45), 
(5.46) and (5.47) show that the simple gf s modules g A s ®e x Qi, for all A|Z and all 
E\ Q ; , are pairwise nonisomorphic submodules of . Hence by [H2] , Theorem 
on page 23 

(5.48) ©_ fl r®^<£ c sr- 

A|Z B A ^Q ; 

Tensoring (5.17) with Q; and comparing with (5.48) we get 

( 5 - 49 ) ©_«? ®s*Qi = v- 

Hence for dimensional reasons (5.17), (5.41) and (5.49) imply (5.40). □ 
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Corollary 5.50. The representations p$ x , for X\l are pairwise nonisomorphic. The 
representations of the Lie algebra on V$ A are pairwise nonisomorphic over Qj. 

Proof. It follows by Lemmas 5.20 and 5.22 and equalities (5.8), (5.36), (5.44). □ 



Corollary 5.51. There is an equality of ranks of group schemes overQi: 
(5.52) rank (G? 9 )' = rank JJ R Ex/Ql (Sp 2h / E x ). 

X\l 

Proof. The Corollary follows by Lemma 5.33, equality (5.40), the isomorphism 
(5.34) and Lemma 2.21. □ 

Taking into account (4.10), (4.11) and Remark 5.13 we get: 



(5.53) G(l) al9 C Y[R kx/¥ ,(GSp Ax[x] ) = Y[R kx/¥l (GSp2 h ) 

X\l X\l 



(5.54) Gf 9 c l[R Ex/qi (GSp Vx ) - l[R Exm (GSp 2h ). 

x\i x\i 



6. Computation of the images of the Galois representations pi and p t . 

In this section we explicitly compute the images of the 1-adic representations induced 
by the action of the absolute Galois group on the Tate module of a large class of 
abelian varieties of types I and II described in the definition below. 

Definition of class A. We say that an abelian variety A/F, defined over a number 
field F, is of class A, if the following conditions hold: 

(i) A is a simple, principally polarized abelian variety of dimension g 

(ii) 1Z = Endp(A) = Endp(A) and the endomorphism algebra D = 1Z ®z Q, is 
of type I or II in the Albert list of the division algebras with involution cf. 
[MuJ, p. 201 

(iii) the field F is such that for every I the Zariski closure Gf 9 of Pi(Gf) in 
GL2 g /Qi is a connected algebraic group 

(iv) g — hed, where h is an odd integer, e = [E : Q] is the degree of the center 
E ofD andd 2 = [D : E]. 

Let L be a local field with the ring of integers Ol with maximal ideal itil = tn and 
the residue field k = Ol/vti. 

Lemma 6.1. Let 



(6.2) 



Qi c G 2 
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be an injection of two smooth, reductive group schemes over Ol- Let 

(6.3) Gi C ^ G 2 

be the base change to L of the arrow (6.2) and let 

(6.4) Gi(m) C ^ G 2 (m) 

be the base change to k of the arrow (6.2). If rank G\ = rankGi then rankG\{m) = 
rank G 2 (m). 

Proof. By [SGA3, Th. 2.5 p. 12] applied to the special point of the scheme specO^ 
there exists an etale neighborhood S' — > specOi of the geometric point over the 
special point such that the group schemes Gi,s r = £?i ~x sp ecO L S' and ^2,s' = 
XspecOL >S" have maximal tori T^g/ and T^g' respectively. By [SGA3] XXII, Th. 
6.2.8 p. 260 we observe (we do not need it here but in the Corollary 6.6 below) 
that (Gi,S'Y n %,S' is a maximal torus of (Gi,s r Y ■ By the definition of a maximal 
torus and by [SGA3] XIX, Th. 2.5, p. 12 applied to the special point of specOz,, 
we obtain that the special and generic fibers of each scheme C/i,s" have the same 
rank. But clearly the generic (resp. special) fibers of schemes Gi,s' an d Gi have the 
same rank for i = 1, 2. Hence going around the diagram 



Gj 



G 2 



(6.5) 



Gi <- 



Gi(m) c ^ G 2 (m) 



and taking into account the assumptions that the ranks of the upper corners are 
the same we get rankG\{m) — rankG2(m). □ 

Theorem 6.6. Let A/F be an abelian variety of class A. Then for all I ^> 0, we 

have equalitiy of ranks of group schemes over F; : 

(6.7) rank (G(l) alg )' = rank J] R kx/¥l (Sp 2h ) 

X\l 



Proof. By [LP1] Prop.1.3 and by [Wi], Th.l and 2.1, for I > the group scheme 
Gl lg over special is smooth and reductive. For such an I the structure mor- 
phism (Gi l9 )' — ► specli is the base change of the smooth morphism C? ; a ' s — ► 
D Zl (D Zl (gf 3 )) via the unit section of D Zl (D Zl (Gf 9 )), see [SGA3] XXII, Th. 6.2.1, 
p. 256. Hence, the group scheme (Gf 9 )' is also smooth over Z ; . By [SGA3] loc. cit, 
the group scheme (^ ; a ' 9 )' is semisimple. We finish the proof by taking L = Qi, 
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Q\ = (Qf 9 )', G2 = H\\i Ro x /z,(Sp2h) in Lemma 6.1 and applying Corollary 
5.51. □ 

Remark 6.8. If G is a group scheme over So then the derived subgroup G' is 
defined as the kernel of the natural map 

G ^ D So (D So (G)) 

[V], [SGA3]. Since this map is consistent with the base change, we see that for any 
scheme S over So we get 

G' x So S = (Gx So S)'. 

Theorem 6.9. Let A/F be an abelian variety of class A. Then for all I ^> 0, we 

have equalities of group schemes: 

(6.10) (G? 9 y = J] R Ex/Ql (S P 2 h ) 

X\l 

(6.11) (G(0 ai9 )' = ]J Rk x /*,(Sp2h) 

X\l 

Proof. The proof is similar to the proof of Lemma 3.4 of [BGK]. We prove the 
equality (6.11). The proof of the equality (6.10) is analogous. Let 

p t : G(0 a ' 9 -> GL 2g 

denote the representation induced by the inclusion G(l) alg C GL 2g - By the result 
of Faltings cf. [Fa], the representation p ; is semisimple and the commutant of 
p ; (G(/) a ' 9 ) in the matrix ring A#2 9 .2g is Endp(A) Cg>z Fj. The representation p 
factors through the imbedding (5.53). Projecting onto the A component in (5.53) 
we obtain the representation 

(6.12) : G(0 ai9 - R kx/Vl (GSp A[x] ) <* R kx/¥l (GSp 2h ). 
This map corresponds to the map 

(6.13) G(l) al ° ® Fi k x -» GS P2h . 

By Remark 6.8 restriction of the the map (6.13) to the derived subgroups gives the 
following map: 

(6.14) (G(l) als )' ® Fi k x -> S P2h 
which in turn gives the representation 

p : (G(0 o,fl )'- R kx/Vl (Sp2h). 
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Now by (5.3) we have the natural isomorphisms: 

II_ F < - fc A®F,F ; = Snd fcA8piF|[Gp] (A A [A]® Fl F,) £* 

= End k x ® ri ¥ l [G F ](MX\®k,k x ®v l F l ) - 
(6.15) - [] ^F i[GF ](^A[A]® fe ,F0. 

Note that Z(Sp2h) — P-2 and this isomorphism holds over any field of definition. 
The isomorphisms (6.15) imply by the Schur's Lemma: 

Hence 

Z({G{l) alg )') C l[R kx/r M) = z([[R kx/ri (Sp 2h )). 
x\i x\i 

Observe that both groups (G(l) alg Y and Yix\i Rk x /¥ l {Sp2h) are reductive. Now the 
proof is finished in the same way as the proof of Lemma 3.4 in [BGK]. □ 

Theorem 6.16. Let A/F be an abelian variety of class A. Then for I 3> 0, we 
have: 

(6.17) pi{G' F ) = [] S P2h {k x ) = S P2h (0 E /lO E ), 

x\i 

(6.18) = J] SP2h(Ox) = Sp 2h (0 E ® z Z l ), 

x\i 

where ~pi is the representation pi mod I and G' F is the closure of the commutator 
subgroup G' F C G F computed with respect to the natural profinite topology of G F . 

Proof. To prove the equality (6.17), note that the group scheme Yl x \ t Rk x /Wi(Sp2h) 
is simply connected, since its base change to F; is nA|;Ilfc A ^F; Sp2h/^u which is 
clearly simply connected. From now on the argument is the same as in the proof 
of Theorem 3.5 in [BGK]. Namely: it follows by (6.11) that (G{V) al9 )' is simply 
connected. So (G(l) alg )' (F;) = {G(l) alg )' (F;)„. Hence, by a theorem of Serre (cf. 
[Wi], Th.4) we get 

(G(O^)'(F*) C (jn(G F ))' = pl(G' F ). 
On the other hand, by definition of the group G{l) alg , it is clear that 

7h(G' f ) = (pi(Gf))' c (G(l) 0,fl ) , (F I ). 
As for the second equality in (6.18) we have 

(6.19) pi(G^) = ( P i(G F )Y c [] Sp 2h (Ox), 

x\i 

where (pi(G F ))' denotes the closure of (pi(G F ))' in the natural (A-adic in each 
factor) topology of the group J1a z Sp2h{0\). Using equality (6.17) and Lemma 

6.20 stated below, applied to X = (pi(G F ))', we finish the proof. □ 
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Lemma 6.20. Let X be a closed subgroup in Y\ x ^ Sp 2 h{0\) such that its image 
via the reduction map 

ns P2h (o X )^i[s P2h (k X ) 

X\l X\l 

is all ofUxii S P 2h{kx)- Then X = I1a|; Sp 2h {O x ). 

Proof. The proof is similar to the proof of Lemma 3 in [Se] chapter IV, 3.4. □ 
7. Applications to classical conjectures. 

Choose an imbedding of F into the field of complex numbers C. Let V — H 1 (A(C) , Q) 
be the singular cohomology group with rational coefficients. Consider the Hodge 
decomposition 

where H p ' q = H P (A; Q q A/c ) and = H g ' p . Observe that H™ arc invariant 

subspaces with respect to D = End-p(A)®Q action on V®qC Hence, in particular 
H p ' q are -E-vector spaces. Let 

ip : V x V -» Q 

be the Q-bilincar, nondegencrate, alternating form coming from the Riemann form 
of A. Since A has a principal polarization by assumption, the form ip is given by 
the standard matrix 




Define the cocharacter 

^oo : G m (C) -> GL(V ® Q C) = GL 2g (C) 

such that, for any z E C x , the automorphism /ioo(z) is the multiplication by z on 
H 1 ' and the identity on H ' 1 . 

Definition 7.1. The Mumford-Tate group of the abelian variety A/F is the small- 
est algebraic subgroup MT(A) C GL 2g , defined over Q, such that MT(A)(C) con- 
tains the image of fioo. The Hodge group H{A) is by definition the connected com- 
ponent of the identity in MT(A) n SL V = MT{A) n SL 2g . 

We refer the reader to [D] for an excellent exposition on the Mumford-Tate group. 
In particular, MT{A) is a reductive group loc. cit. Since, by definitions 

Moo(C x ) cGSp (v ^)(C)S*GSp2 fl (C), 

it follows that the group MT(A) is a reductive subgroup of the group of symplectic 

similitudes GSp^y, V>) — GSp 2g and that 

(7.2) H(A) c Spw) =S P2g . 

Remark 7.3. Let V be a finite dimensional vector space over a field K such 
that it is also an i?-module for a if-algebra R. Let G be a if-group subscheme 
of GLy. Then by the symbol Cr(G) we will denote the commutant of R in G. 
The symbol C^(G) will denote the connected component of identity in Cr(G). Let 
(3 : V x V ^ K be a, bilinear form and let G(v,p) C GLy be the subscheme of 
GLy of all isometries with respect to the bilinear form (3. It is easy to check that 
Ch(<V./S)) ® k L ~ C mKL{G {v<SKLtmKL) ). Note that MT{A) c C D {GSp {v ^ ) ) 
by definitions. 
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Definition 7.4. The algebraic group L{A) = Cj-,{Sprv,^)) is called the Lefschetz 
group of a principally polarized abelian variety A. Note that the group L(A) does 
not depend on the form ip cf. [R2]. 

By [D], Sublemma 4.7, there is a unique _E-bilinear, nondegenerate, alternating 
pairing 

4> : V x V E 

such that Tr E /q(4>) = ip. Taking into account that the actions of H(A) and L(A) 
on V commute with the £?-structure, we get 

(7.5) H(A) c L(A) c R E / Q Sp<y,4>) C Sp [v ^). 

But R E /®{Sp(v,<t>)) = C E {Sp {v ^)) hence C D (R E/ Q,{Sp {v . 0) )) = C D {Sprv^)) so 

(7.6) H{A) c L(A) = C° d (ReMS P{v ,4>))) C C B (i? B/Q (5p (y , 0) )). 

Definition 7.7. If L/Q is a field extension of Q we put 

MT(A) L := MT{A) ® q L, H(A) L := H{A) ® Q L, L{A) L := L{A) ® q L . 

Conjecture 7.8 (Mumford-Tate cf. [Se5], C.3.1). IfA/F is an abelian variety 
over a number field F, then for any prime number I 

(7.9) (GfT = MT(A) Ql , 

where (Gf l9 )° denotes the connected component of the identity. 

Theorem 7.10 (Deligne [D], I, Prop. 6.2). If A/F is an abelian variety over 
a number field F and I is a prime number, then 

(7.11) (Gf 9 )° C MT(A)q r 

Theorem 7.12. The Mumford-Tate conjecture holds true for abelian varieties of 
class A defined in the beginning of Section 6. 

Proof. By [LP1], Theorem 4.3, it is enough to verify (7.9) for a single prime I only. 
We use the equality (6.10) for a big enough prime The proof goes similarly to 
the proof of Theorem 3.6 in [BGK]. In the proof we will make some additional 
computations, which provide an extra information on the Hodge group H(A). The 
Hodge group H(A) is semisimple (cf. [G], Prop. B.63) and the center of MT{A) is 
<G m (cf. [G], Cor. B.59). Since MT(A) = G m H(A), we get 

(7.13) (MT(A) Ql )' = (H(A) Ql )' = H(A) Ql . 

By (7.11), (7.13) and (6.10) 



(7.14) YIRe x /q,{Sp {Wx ,^)) =nHE x / Ql (Sp2h) C H(A) Ql . 

X\l X\l 
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On the other hand by (7.6) 

(7.15) H(A) Ql c L(A) % c C D (R E/q (S P(Vt4>) )) ® Q Q,. 

Since Re/q(SP(v, <j>)) = Ce(SP(v, j/>))i by Remark 7.3, formulae (7.14) and (7.15) we 
get: 

(7.16) Yi^x/QtiSp^Wx,^)) C Y[ C D\( R E x /Qi( S P(V x (A),i,°)))- 
X\l X\l 

For A of type I, D\ = E\ and V\(A) — W\ hence, trivially, the inclusion (7.16) is an 
equality. Assume that A is of type II. Since V\{A) — W\@W\ and D\ = M 2 ,2{E\), 
evaluating both sides of the inclusion (7.16) on the Q r points, we get equality with 
both sides equal to 

n Uj s P(wx,M Wx ))m 

which is an irreducible algebraic variety over Q z . Then we use Prop. II, 2.6 and 
Prop. II, 4.10 of [H] in order to conclude that the groups H(A)q , L(A)q and 

Cd{Re /®(Sp(v, <#>))) ®Q Qi are connected. Hence all the groups H(A), L(A) and 
Cd(Re/q(SP{v . 0))) are connected, and we have 

(7.17) Y[ R Ex/Qi( S P(Wx,<t>x\w x )) ~ n R Ex/®i( S P2h) = 
X\l X\l 

= H{A) Ql = L(A) Ql = C d (Re/®(S P(v ^ } )) ®®Qi. 
By (6.10), (7.17) and [Bo], Corollary 1. p. 702 we get 

(7.18) MT(A) % = G m H{A) Ql = G m {Gf 9 )' C Gf 9 . 

The Theorem follows by (7.11) and (7.18). □ 

Corollary 7.19. If A is an abelian variety of class A, then 

(7.20) H(A) Q = L(A) Q = C D {R E/Q {S P{VA) )) = C D (Sp {v ,^). 

Proof. Taking Lie algebras of groups in (7.17) we deduce by a simple dimension 
argument that 

(7.21) CieH(A) = CieL(A) = CieC D (R E /®(Sp {V!4>) )). 

In the proof of Theorem 7.12 we have showed that the groups H(A), L(A) and 
Cd(Re/q(SP(v, $))) are connected. Hence, by Theorem p. 87 of [HI] we conclude 
that 



(7.22) 



H(A) = L(A) = C D (R E/Q (S P(Vt4>) )). 
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Corollary 7.23. If A is an abelian variety of class A, then for all I: 

( 7 -24) H(A) Ql = Y]_ C Dx {Re x /q 1 (Sp(v x (A), 4>®qE x )))- 

x\i 

In particular, for I » we get 
(7.25) 



29 



H ( A )Qi =n R E x /Q l (Sp(w x ,4>®®E x ))- 
X\l 



Proof. Equality (7.24) follows immediately from Corollary 7.19. Equality (7.25) 
follows then from (7.17). □ 



We have: 



H 1 (A(C); R) = V ®qR = V ® E ,* 



Put V a (A) = V ®E,a R and let cj> a be the form 

cj>® E ,*R ■ V a (A)® R VAA) -> R. 

Lemma 7.26. If A is simple, principally polarized abelian variety of type II, then 
for each a : E <—* R there is an R-vector space W a (A) of dimension | = 4 ^"^ 
such that: 

(i) V„{A) = W a (A) © W a (A), 

(ii) the restriction of <8>q K to W a (A) gives a nondegenerate, alternating pair- 
ing 

il> a : W a {A) x W a (A) > R. 



Proof. Using the assumption that D 
proof of Theorem 5.4. □ 



M 2j 2(K) the proof is similar to the 



We put 



and 



WW = < 



i><? = < 



' V a (A) if A is of type I 
k W a (A) , if A is of type II 

V if A is of type I 

k <t>a\w a (A) , if A is of type II. 



Observe that 



dimm Woo,o- = < 



' f = T7W if A is of type I 
I f = W' if A is of type II. 
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Corollary 7.27. If A is an abelian variety of class A, then 
(7-28) H(A) R = L(A) R = J] 



( 7 - 29 ) H(A) c = L(A)c= J[ Sp(iv CO| ^ c c,^®,c)- 

Proof. It follows from Lemma 7.26 and Corollary 7.19. □ 

We recall the conjectures of Tate and Hodge in the case of abelian varieties. See 
[G], [K] and [Tl] for more details. 

Conjecture 7.30 (Hodge). If A/F is a simple abelian variety over a number 
field F, then for every < p < g the natural cycle map induces an isomorphism 

(7.31) A P (A) = H 2p (A(C); Q) n H pp ', 

where A P (A) is the Q-vector space of codimension p algebraic cycles on A modulo 
the homological equivalence. 

Conjecture 7.32 (Tate). If A/F is a simple abelian variety over a number field 
F and I is a prime number, then for every < p < g the cycle map induces an 
isomorphism: 

(7.33) A P (A) ® Q Q ; - H 2 e p (A; Q,(p)) G - 

where A = A>g> F F. 

Theorem 7.34. The Hodge conjecture holds true for abelian varieties of class A. 

Proof. By [Mu], Theorem 3.1 the Hodge conjecture follows from the equality (7.20) 
of Corollary 7.19. □ 

Theorem 7.35. The Tate conjecture holds true for abelian varieties of class A. 

Proof. It is known (see Proposition 8.7 of [CI]) that Mumford-Tate conjecture 
implies the equivalence of Tate and Hodge conjectures. Hence the Tate conjecture 
follows by Theorems 7.12 and 7.34. □ 

Conjecture 7.36 (Lang). Let A be an abelian variety over a number field F. Then 
for I ;§> the group pi(Gf) contains the group of all homotheties in GL Tl ^(fL\). 

Theorem 7.37 (Wintenberger [Wi], Cor. 1, p. 5). Let A be an abelian 
variety over a number field F. The Lang conjecture holds for such abelian varieties 
A for which the Mumford-Tate conjecture holds or if dim A < 5. 
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Theorem 7.38. The Lang's conjecture holds true for abelian varieties of class A. 
Proof. It follows by Theorem 7.12 and Theorem 7.37. □ 

We are going to use Theorem 7.12 and Corollary 7.19 to prove an analogue of the 
open image Theorem of Serre cf. [Se8] . We start with the following remark which 
is a plain generalization of remark 7.3. 

Remark 7.39. Let B\ C B 2 be two commutative rings with identity. Let A be 
a free, finitely generated Bi-module such that it is also an i?-modulc for a Bi- 
algebra R. Let G be a £>i-group subscheme of GLa- Then Cr(G) will denote the 
commutant of R in G. The symbol C R {G) will denote the connected component of 
identity in Cr{G). Let [3 : A x A — > B\ be a bilinear form and let G(a,/3) C GLa 
be the subscheme of GLa of the isometries with respect to the form (3. Then we 
check that Cr{G^,i3)) ®b x B 2 = Cr^ Bi b 2 (G^ Bi b 2 ,/3is, Bi b 2 ))- 

Consider the bilinear form: 

(7.40) V : AxA^Z 

associated with the variety A. Abusing notation sligthly, we will denote by ip the 
Riemann form ip ®z Q, i.e., we put: 

V> : V x V -> Q. 

Consider the group scheme C-ji{Sp(\^)) over SpecZ. Since Cn{Sp(\^)) ®zQ = 
Cd(Sp(v. 4>)) ( see Remark 7.39), there is an open imbedding in the Ladic topology: 

(7.41) C w (5p (A ^))(Z,) C C D (Sp {Vi ^)(Qi). 

Note that the form ipi of (4.1) is obtained by tensoring (7.40) with Zj. 

Theorem 7.42. If A is an abelian variety of class A, then for every prime number 
I, pi(Gf) is open in the group 

Ck(GSp( A ^))(Z[) = G TC(8zZl (GSp (Ti (j4 ), </,,)) (Z;)- 

In addition, for !>0w have: 

(7.43) MG^) = G K (5p (A ^ ) )(Z i ). 

Proof. For any ring with identity R the group GSp2 g (R) is generated by subgroups 
Sp2g{R) and 

One checks easily that the group Z ; x 5p 2 g(^/) has index 2 (index 4 rcsp.) in 
GSp2 g (Zi), for Z > 2 (for Z = 2 rcsp.). Here the symbol Z ; x stands for the subgroup 
of homotheties in GL 2g (Zi). Since by assumption A has a principal polarization, 
Sp2g{Zi) = 6'p(A i ^))(Z;). By [Bo], Cor. 1. on p. 702, there is an open subgroup 
U C Z ; x such that U C MGf). Hence U G TC (% A ^))(Z ; ) = Or,{U Sp^ tM>) {Zi)) is 
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an open subgroup of C n {GSp^^)(Zi) = C n (GSp {K ^ ) {'Li)). By [Bo], Th. 1, p. 
701, the group pi(G F ) is open in Gf 9 (Qi). By Theorem 7.12, Corollary 7.19 and 
Remark 7.3 

U Cn{Sp { ^)){^i) c Qf CDiSp^m = 

(7.44) = G m (Q l )H(A)(Q l ) c MT(A)(Q Z ) - Gf 9 (Qi). 

Hence, U Ck(Sp(a,$))(%i) n pi(G F ) is open in U Cn{Sp^ and wc S et tnat 

Pi(Gf) is open in C-jz(GSp^^)(Zi). Using Remark 7.39 and the universality of 
the fiber product, we observe that 

(7.45) CniSp^^m) = C^ zZi (% Ti(A) ^ i) )(Z ; ). 
For I » we get 

Cn®z2.l(SP(Ti(A),il n )) — C'R®zZi(COb®zZ|(5 , P(T,(A),Vi))) ~ 

(7-46) = C 7? , 8 , z z ! (]J^c) a /z ! (»S'P(t a (A)^a)))- 

Evaluating the group schemes in (7.46) on Special we get 

Gn® z z.i(SP(T l (A),4 n ))(%'i) - Gnis,- £ z l (Y]_ R o > ,/z l (Sp(T x (A),4, x )))('^i) - 

X\l 

(7.47) - Y[Cn x Sp {TMx) {O x ) - n^.^)(^A)= I]^(Oa). 

A|i A|Z A|Z 

Hence by (7.45), (7.46), (7.47), (6.18) and Theorem 7.38, we conclude that for I > 
the equality (7.43) holds. □ 

Theorem 7.48. If A is an abelian variety of class A, then for every prime number 
I, the group pi(G F ) is open in the group Qf~ 9 (7L{) in the l-adic topology. 

Proof. By Theorem 7.42 the group pi(G F ) is open in C TC ® zZ! (&Sp( T! (A),v>o)( Z is 
an open imbedding in the Z-adic topology, so pi(G F ) has a finite index in the group 
Cn® 1 ,i l (GSp( Tl ( A )^ l )){'Li). By the definition of gf 9 , we have: 

Pi(G F ) C gf a {Zi) C Cn^AGSp^A)^))^)- 

Hence, pi(G F ) has a finite index in £/ ; a ' 9 (Z;), and the claim follows since 
CTC® z z ; (GS , p (Ti(yl)j ^ ) )(Z i ) is a profinite group. □ 
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